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Abstract : 

   Being affected by the matter travelled, Neutrino oscillation can serve as a 

powerful tool, not only in probing fundamental features of neutrinos, but 

also in revealing information about the matter travelled. Unlike seismic 

geophysics which is sensitive to matter density jumps, neutrino oscillation 

in matter, in addition to its sensitivity to these jumps, is also sensitive to 

the density travelled. In this work, we will use this particular feature, to 

reconstruct the Earth‟s density profile, using an analytic formula that 

describes the Earth‟s matter effects on the oscillation of Supernova 

neutrinos through its matter.   

  

Résumé : 

   L‟oscillation des neutrinos dans la matière est affectée par la densité de la 

matière traversée. Cette caractéristique peut être utilisée pour sonder des 

propriétés fondamentales des neutrinos, comme elle peut être utilisée aussi 

pour extraire des informations sur la matière traversée, plus précisément, 

pour révéler la valeur exacte de sa densité. Dans ce travail, on va utiliser 

cette propriété pour reconstruire le profile de densité  de la Terre, en se 

basant sur une formule théorique qui décrit les effets de la matière de la 

Terre sur l‟oscillation des neutrinos venant d‟une explosion Supernova.  

:   ملخص

تستخدم هده الخاصية الستطالع الصفات األساسية للنوترينو أيضا . ة يتأثر بكثافة المادة المجتازةاهتزاز النوترينو في الماد

.الستخالص المعلومات حول المادة المعبورة و خاصة إلظهار القيمة الصحيحة لكثافته  

د على عالقة نظرية تصف في هده الدراسة سنعتمد على هده الخاصية إلعادة تركيب بيانات الكثافة األرضية و دلك باالعتما

.تأثير المادة األرضية على اهتزاز النوترينات القادمة من انفجار سوبرنوفا  
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Introduction: 

 

    The idea to probe the Earth to explore its deepest parts was put forward 

more than 30 years ago [31], and since then, it has gone through some 

improvements and modifications based on the recent developments in 

neutrino physics. 

So far, Seismic geophysics has served as one of the few tools to go deeper 

into the Earth‟s interior, since the deepest hole that has ever been dug is 

about 13km deep, a mere 0.1% of the Earth diameter and a distance 

equivalent to the cruising altitude of airplanes. The study of the volcanic 

eruptions and the composition of meteorites can be considered also as a 

tool in exploring the densities and structure of the deepest layers.  

Neutrino Tomography opens new possibilities to probe the Earth‟s interior, 

since neutrino physics is sensitive to the density of the matter travelled, 

unlike seismic geophysics which is sensitive to density jumps. Depending on 

the propagation model, from the source to the detector, the neutrino 

tomography can be divided into two techniques [14], whether based on the 

interaction of neutrinos with the Earth‟s matter which manifests as the 

attenuation of the flux for high energy neutrinos (above TeV) [35], or on 

the Earth‟s matter effects on their oscillations for low energy ones (MeV to 

GeV). The first technique is known as NAT (Neutrino Absorption 

Tomography), and the second is known as NOT (Neutrino Oscillation 

Tomography). 

Being affected by the matter they go through, neutrino oscillation can serve 

as a very powerful tool, not only in showing the exact positions of the 

density jumps as seismic waves do, but also in revealing the matter density 

at each layer.  

Depending on the neutrino source, the NOT technique can be used 

differently: neutrinos emerged from a “stellar medium” (The Sun or a 

Supernova), are produced at its very core as flavor eigenstates, and have to 

pass –on their way out- by different layers (resonant layers) of different 

densities, before travelling through the vacuum, to reach eventually the 
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Earth as mass eigenstates. Their study is different from that of neutrinos  

produced in vacuum (Atmospheric neutrinos), or from man-made sources, 

who do not have to go through dense matter, and reach the surface of the 

Earth as they are produced, and the only matter that affects their 

oscillations is the Earth‟s. 

The aim of this study is to use this particular property to derive a simple 

analytic formula that allows us to reproduce the Earth‟s density profile, 

assuming that nothing is known „a priori‟ about the Earth‟s density, and that 

the only thing we know comes from Solar and Supernova neutrino data. 

For the linear regime         , we face a problem of the limitation from 

above of solar neutrinos energy, and we can see how this problem can be 

cured by invoking an iteration procedure, which helps us to reach the 

“exact” matter-induced neutrino potential (the Earth‟s density). We will see 

how this can be achieved for solar neutrinos.    

We try to perform the same study for Supernova neutrinos (having high 

energies from above), and during the process, we will try to shed the light 

on the following points: 

 How the oscillation of neutrinos emerging from high density sources 

can give complementary information to seismic geophysics? 

 How the knowledge of the neutrino energy plays an important role in 

such study, and how can we cure the problem faced from the lack of 

knowledge of this energy due to its limitation from above? 

 What is the difference that can be brought if the neutrino energy is 

high enough (Supernova neutrino)?  

 What if the Earth has an asymmetric density profile? 

This work is divided into four main chapters: 

The first chapter is an overview of neutrino physics: we start by tackling the 

main “points” of the neutrino physics in the Standard Model, and then, we 

put emphasis on the neutrino oscillation part, being the huge leap that 

triggered physicists to “introduce” a new physics beyond the Standard 

Model of Particle Physics. The phenomenon that interests us the most is the 

neutrino oscillation in a medium (the MSW effect). 
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After taking the main steps in the evolution of a massive star, showing and 

detailing the main producing processes of neutrinos, we try, in the second 

chapter, to follow the neutrino from its point of production (the core of the 

SN) to the envelope, and show in details how they emerge from it as mass 

eigenstates: the change that is due to their passage by two resonance 

layers L,H.  

 Chapter three is dedicated to the third element of our study: the Earth. We 

talk about the Earth‟s interior taking into account the information we know 

from seismic geophysics. We try to follow the neutrino and its propagation 

through the Earth, and derive a simple analytic formula that allows us to 

reconstruct the Earth‟s density profile. 

In the chapter four we apply this theoretical formula in the linear regime 

         on three Earth density profiles: the Step-like, PREM (Preliminary 

Reference Earth Model) and on an asymmetric step-like density profile, 

showing by that how this formula can reproduce the Earth‟s density profile 

from only the solar and Supernova neutrino data.



 

 

 

 

Chapter I 

 

 

 

Introduction to 

Neutrino Physics 
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Introduction 

 

The neutrino is an elementary particle. It belongs to the Lepton family 

which contains the electron, its “cousins” the muon and the tau which are 

respectively 200 and 3500 times heavier than the electron. 

Neutrinos come up in three flavors, where every neutrino is associated to a 

lepton, and they all belong to the bigger family of Fermions. 

In the Standard Model of Particle Physics (SMPP), neutrinos are considered 

to be massless, to maintain the renormalizability of the theory.  

But, the experiment shows that they have mass, this experimental 

discovery which nowadays is tried to be theoretically explained, has shown 

the limitation of the SMPP, and has opened up a new era in particle physics, 

and in physics in general, which is referred to as physics beyond the 

Standard Model. 

 

I. Discovery of the neutrino 

Neutrinos have always had their places “implicitly” in the history of modern 

physics. Starting by the discovery of the electron by J. J. Thomson, to the 

discovery of the natural decay (radioactivity) by Henri Becquerel at the end 

of the 19th century. 

Bohr was the first to observe that an electron is ejected from the nucleus in 

 -decay. 

The identification of   decay was –just discovered-studied in laboratories by 

Pierre and Marie Curie in 1902, but its mechanism was still unknown: the 

non conservation of energy and momentum observed since 1914 from 

analyzing the electron energy spectrum by Lise Meitner and Otto Hahn, and 

by James Chadwick, led to many hypotheses.  
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  decay is a spontaneous nuclear process where a radioactive element 

becomes another one neighboring it in Mendeleiev classification, by emitting 

a   particle (an electron), and changing its charge by unity. 

Scientists at the time, wanted to understand better the structure of the 

atomic nuclei. To do so, they started by an attempt to measure the precise 

energy of the emitted electron. 

The conservation laws of energy and momentum predicted the amount of 

energy that was supposed to be carried out by the “two” results of the 

experiment (nuclei, and electron or beta particle). 

The electron (  particle) was supposed to have the same amount of energy. 

However, in 1914, James Chadwick has shown that this was not the case; 

the emitted electron has a continuous energy spectrum that is spread 

between zero and the energy value that was expected in the case of a two-

body reaction! That is the energy emitted during the process equals the 

mean energy of the emitted electron, while it was supposed to be equal at 

least to its maximum energy. This could tell that an energy amount was 

“disappearing” during the process… 

 In 1930, Wolfgang Pauli tried to save the “sacred-saint” conservation law, 

by proposing, according to his own words, “a desperate remedy ”, by 

invoking to the process, a massless, chargeless, third result of the process, 

a fermion which shares energy with the resulting electron [2]. He did not 

dare to publish it, he feared it might never be detected, so, he proposed it 

in a letter to a conference on radioactivity in Tubingon in the  4th December 

1930: 

“Dear Radioactive Ladies and Gentlemen, 

… I have considered…a way out of saving the law of conservation of energy. 

Namely, the possibility that there could exist in the nuclei electrically 

neutral particles, that I will call neutrons which have spin ½ and follow the 

exclusion principle. The continuous  -spectrum would then be 

understandable assuming that in  -decay together with the electron, in all 

cases, also a neutron (neutrino) is emitted in such a way that the sum of 

energy of neutron and of electron remains constant… I admit that my 
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solution appears to you not very probable… But only who dares wins, and 

the gravity of the situation in regard to continuous  -spectrum…” 

A particle he called “neutron” that later on, in 1933, Enrico Fermi called 

“neutrino” which means literally little neutral, after that James Chadwick 

had discovered the “real” neutron in 1932. 

Taking into account all the experimental results, Fermi created a 

mathematical theory which describes very well   decay, like the 

electromagnetic interaction, the electroweak interaction whose father is 

Fermi. But still, no experimental evidence for this ghost particle was 

established yet, not until 1951 when Los Alamos Physicists Clyde Cowen 

and Fred Reines who were working on American Nuclear essays, tried to 

take advantage of all the neutrinos produced by an atomic explosion, by 

making them going through an inverse   decay process to be detected. 

Being hard to detect, they needed a huge number of them: 

           

This was the most promising process to go through. They used the 

scintillating liquid technique, which was discovered by then. Containing a 

huge number of protons, this liquid target was supposed to be the detection 

medium since it “materializes” traces left by neutrons and positrons. The 

neutrons, after having shocks with the medium light nuclei (thermalization 

phase), they slow down before being captured by a nuclei (hydrogen, 

cadmium); this instant process is detected from a radiation of   rays. Every 

time that a charged particle (   or a   ray traverses the medium, a flash of 

light is seen (few nanoseconds). This light, which intensity is proportional to 

the energy of the incoming particle (regardless what kind it is), is then 

collected by captures which are ultrasensitive to the visible photons, named 

photomultipliers, which is then converted into electric signals and 

unregistered to be analyzed. 

The result (experimental discovery of the neutrino) was announced to its 

father Pauli in June 1956 by a telegram. Reines was awarded a Nobel Prize 

for this discovery in 1995 (unfortunately, Cowan passed away in 1974). Just 

to add that in this experience, Cowan and Reines did not just discover the 
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neutrino, they also calculated its cross section (interaction probability with 

matter), confirming by that the predictions of Fermi‟s theory. 

II. Neutrinos in the Standard Model 

Rapidly after Pauli‟s proposition about the existence of the neutrino late 

1930, and James Chadwick‟s neutron discovery and its instability in 1932, 

Enrico Fermi established a theoretic model of  -decay in 1933. 

The model, inspired by electrodynamics, is based on a local interaction 

between two fermionic currents, one leptonic, and the other is baryonic. 

The four fermions are described by Dirac spinors. The so-called four-Fermi 

interaction Hamiltonian density of the interaction         is written as 

[3]:  

      
  

  
  
   

 
                                                                       (I.1)                                                                                                  

Where 

  
          is the charged baryonic vector current. 

  
 

     
    

 is the charged leptonic vector current. 

   is the Fermi constant. 

The form of the weak Hamiltonian in low energy weak decays has been 

confirmed over the years to basically have the same form as in equation 

(I.1), although, some observations, namely the divergence of the total cross 

section for neutrino-electron scattering with increasing energy which was 

connected to the non renormalizability of the four Fermi Lagrangian, 

demand to take a second look at the above formula, and bring some 

modifications to it. 

Since 1938, and analogously to the electromagnetism‟s intermediate boson 

(the photon), a charged massive boson was proposed as the messenger to 

the weak interaction. This only modification though could not cure the 

problem. 

The Fermi model has evolved since late 1950 for about 15 years, based on 

some theoretical and experimental development, to become, along with the 
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quantum electrodynamics, one of the two basic ingredients of the unified 

electroweak theory. This latter which was formally attributed to Steven 

Weinberg, and to Abdus Salam, to who was associated both John Ward and 

Sheldon Glashow for a serial of publications between 1954 and 1968 based 

on: 

 The development of a local gauge theory, inspired by quantum 

dynamics in 1954 by Chang Ning Yang and Robert Mills. Its gauge 

fields are characterized by charged massless bosons. 

 The observation in 1957of the non conservation of parity in  -decay 

which led to the limitation of Fermi‟s model to vectorial and pseudo-

vectorial coupling (V-A theory).  

 The mixing between mass and flavor states of hadrons, which was 

introduced by Nicolas Cabibbo in 1963 to explain weak decay of 

strange particles. 

 The formulation by Peter Higgs in 1964 of a spontaneous symmetry 

breaking mechanism, which, applied to a Yang-Mills field, leads to 

gaining a mass by the gauge bosons. This interaction with the Higgs 

boson is the mechanism with which the fermions‟ mass is generated.  

 

III. Three neutrino families 

Since the 50s, it was known that a muon decays into an electron and 

two neutrinos. What was not know at the time was whether these two 

resulting neutrinos are identical or not: 

                 

It was only suspected that one is associated to the muon and the other 

to the electron (the more familiar neutrino that of Reines and Cowan). 

To clarify this ambiguity, Léon Lederman, Mel Schwartz and Jack 

Steinberger, realized an experiment in 1963 in Brookhaven (USA) where 

they have used an accelerator to accelerate protons up to 30 GeV, and 

then direct them toward a target of Beryllium, which produces pions via 

strong interaction. 
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The charged pions produced decay weakly into neutrinos and muons, 

which decay in turn into electrons and neutrinos. 

Behind the decay zone, they have placed a filter to stop other particles, 

letting thus only neutrinos penetrating to be detected. The experience 

was agented of sort that only neutrinos that come from pion decay (2 

neutrinos we want to discriminate) can reach the detection zone. 

The detector was designed to discriminate between muons and electrons 

after their materialization; the materialization trace of the muon is 

longer than that of the electron. 

The result was that there were more traces of muonic type than that of 

the electronic. 

The neutrino produced by a pion decay can only transform to a muon 

and not to an electron: 

         

If the muon neutrino was identical to the electron neutrino, we would 

definitely have the same number of path traces. 

For this discovery, Lederman, Schwartz and Steinberger earned a Nobel 

Prize in 1988. 

It is necessary to look at the complete picture of neutrinos after the 

discovery of the other flavor neutrino associated to another lepton 

(muon). The discovery of the tau in 1965 has triggered doubts about 

the existence of its associated neutrino. This was achieved in 2001. 

It is in CERN‟s LEP (Large Electron-Positron collider) with ALEPH, 

DELPHI, L3 and OPAL that three neutrinos family was confirmed after 

measuring the total    decay width. Neutrinos from    are not detected, 

thus, the measurement of its total decay width, and that of its partial 

decay into quarks (hadronic mode), and leptons, allows the calculation 

of the invisible width which is interpreted as a contribution to neutrinos.  

Observing the    decay results, three decay modes are expected: 
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Leptonic mode                    . 

Hadronic mode       hadrons 

And a third invisible decay mode which in interpreted as a contribution 

to neutrinos. 

The total    decay width was measured to be  

                                                                             (I.2) 

The invisible contribution can be written as  

          

Where  

   is the family number. 

Theoretically, every neutrino family contributes to the total   width by 

166 MeV [4]. 

The four LEP experiences gave: 

                   GeV 

                    MeV 

                        GeV 

So, the invisible decay mode width is deduced from (I.2), and is found 

to be: 

                 MeV 

The neutrino number is then  

               ; In agreement with three families (flavors). 

IV. Weyl neutrinos, Dirac or Majorana: 

If neutrinos are massive, and if there exists a right handed sterile 

neutrino (with a right chirality)   , the most immediate extension to the 

SMPP consists in transforming a Weyl neutrino (with two components) 
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described by the Standard Model into( like any other fermion) a Dirac 

particle (with four components). 

For a massive fermion, the Dirac mass term is written as: 

        =                               
         

                                  (I.3) 

Thus, the mass term couples the left-handed and the right handed 

components of the fermions, therefore, a massive fermion has to have 

both components. 

For the Majorana neutrino, the coupling of the Weyl component to its 

charged conjugated, can give rise to the mass term as: 

    
 

 
     

               
          

                                                  (I.4) 

 

Where: 

          

And C is the charge conjugation operator which satisfies the relation: 

               

In general, the mass term can be written as: 

           
    

   
 

 
                                                (I.5) 

Where M is the mass matrix, written as: 

   
    

                                                                         (I.6) 

The only thing that differentiate massive neutrinos from antineutrinos (in 

the Dirac representation), is their helicity (different from chirality of 

massless neutrinos which is invariant under Lorentz Transformations). 

If the neutrinos produced in the following processes are different, then, 

they are Dirac particles. This difference is due to the non conservation of 

the leptonic number. Otherwise, neutrino is its antiparticle (no 
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difference in the leptonic number), then, we talk about Marojana 

particles (with only two componenets). 

             (right handed helicity antineutrino)  

            (left handed helicity neutrino)  

The leptonic number conservation in the electroweak interaction 

becomes an artifact of the V-A character of the theory, the complete 

parity violation and the smallness of the neutrino mass. 

The distinction between the Dirac and the Majorana neutrino can be 

confirmed experimentally by only one process: the existence or not of 

the Neutrinoless Double Beta Decay.  

 

V. Neutrinos beyond the Standard Model: 

The experimental discovery of the neutrino oscillation was the biggest 

proof of its mass, which is tried to be explained theoretically. 

 Being dependant on the mass difference term, neutrino oscillation 

cannot constrain the exact neutrino mass; there are several 

experimental attempts to do so. 

V.1. Constraints on the neutrino mass: (eV, keV, MeV spectrum) 

Experiences that tend to constrain “direct measurement” the neutrino 

mass, treat each flavor separately… 

For the electron flavor, the “direct” measurement is done by the study 

of the Kurie spectrum of electrons emitted by  -decay of Tritium 

(T=12.33 years): 
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Fig.1.a. Kurie plots for m=0 (solid line) and m different from 0 (dashed line)[1] 

 

              

The upper bound if found to be: 

    
        

For the muon flavor neutrino, the mass is constrained from experiences 

that study the decay: 

           , (     ) 

This decay imposes: 

   
         

Finally the Tau neutrino mass is constrained by the double   decay 

mode: 

             and                  

The obtained bound is: 

   
          

Constraints on the neutrino mass did not come only from experiments 

mentioned above (direct measurement); but also from Astrophysics and 
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Cosmology. The Big Bang Model predicts a fossil Background radiation 

that comes from the early life of our Universe at 1.95K resulting from 

the decoupling of neutrinos 1second after the Big Bang. 

These 100 neutrinos and antineutrinos per     (each family) contribute 

to the total mass of the Universe. 

At the time of decoupling, if the neutrino mass is smaller than the 

temperature of the CMB (Cosmic Microwave Background 1965) which is 

estimated to be a back body emission of      , then the contribution in 

neutrinos is: 

     
     

       
 

   
 is the exact neutrino mass. 

It has been found that            . If the three neutrinos have the 

“same” mass, then         for each flavor. 

The recent results of WMAP constrain the mass to be            

 

     V.2.  Neutrino Oscillation: 

During the last two decades, solar neutrino experiences tried to explain 

the deficit in the solar neutrino flux detected on Earth. In June 1998, the 

Super-Kamiokande collaboration for the first time came up with a very 

strong evidence for neutrino oscillation in their atmospheric neutrino 

data, confirming thus with high statistics that the deficit in the neutrino 

detected flux compared to expectations, is due to their oscillation. 

First postulated by Pontecorvo in 1969, neutrino oscillation is the major 

proof for the neutrino mass, since the oscillation term contains and 

depends strongly on a mass term. In other words, there would be no 

transition between the neutrino states if the neutrino were massless. 

Neutrinos are always produced and detected as the three flavor states 

we know, to which we cannot “give” a distinct mass for each. 
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Theoretically, it is due to a mixing between the three flavor states by a 

mixing matrix, which elements contain the mixing angles. 

V.2.1. Oscillation in vacuum: 

Neutrino oscillation results from the fact that an initially produced flavor 

state   , propagates as a quantum superposition of different mass 

states: 

           
 
                                                                (I.7) 

Where: 

    is the mixing matrix which elements contain the mixing angles. 

       is the mass eigenstate. 

In the 2-flavor case, the lepton mixing matrix U can be written as: 

   
  

   
                                                                  (I.8) 

Where: 

       ,        ,    is the mixing angle. 

The probability that a    created neutrino transforms into a     a distance 

  away from the creation point is: 

                                                     
 

    
  

     is the oscillation length, defined as: 

     
   

                                                                        (I.9) 

Another convenient form of the transition probability is: 

                                 

 
                               (I.10) 

Where   is in   and    is in    , or   is in    and   is in    . 

In the three flavor case, the survival probability takes the form: 
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                                   (I.11) 

V.2.2. Oscillation in matter: 

Neutrino oscillation in vacuum is different from that in matter. 

Interaction with matter leads to the appearing of a matter-induced 

potential  , which determines the strength of the matter effects on the 

oscillation of neutrinos: 

If   is comparable to or larger than 
   

  
 , matter can strongly affect 

neutrino oscillation. 

In the 2-flavor case, neutrino evolution equation that describes       

oscillation in matter is written as: 

 
 

  
 
  

  
   

 
   

  
            

   

  
     

   

  
     

   

  
     

  
  

  
                           (I.12) 

          , where    is the electron number density, and –in general- 

it depends on the coordinate along the neutrino trajectory. 

      V.2.2.1. Matter of constant density           : 

The diagonalization of the matrix above gives the following neutrino 

eigenstates in matter: 

                 

                  

Where, the mixing angle in matter is given by: 

      
   

  
      

   

  
             

                                                                   (I.13) 

This means that the neutrino eigenstates in matter do not coincide with 

mass eigenstates. 

The probability of       in matter is:  
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                                                    (I.14) 

The oscillation amplitude         has a typical resonance form: 

       
 
   

  
 
 

       

 
   

  
              

 

  
   

  
 
 

       

                                         (I.15) 

It is maximal when 
   

  
              (   

      . 

It is called the MSW resonance condition (refers to three theorists: 

Mikheyev, Smirnov and Wolfenstein). 

V.2.2.2. Matter of varying density           : 

In the realistic case of varying density, the mixing angle in matter depends 

on time, and the “instantaneous” eigenstates are no longer eigenstates of 

propagation. 

For slowely (adiabatically) varying density, the phenomenon is illustrated in 

the following figure: 

 

Fig.1.b. Neutrino energy levels in matter Vs electron number density. Dashed line (absence 

of mixing), solid line (presence of mixing) [1]. 

Suppose a    is created in high density region, higher than the resonance 

density (eg: the Sun‟s core). If we suppose also that the mixing angle is 
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small, all the mixings are suppressed, and the    is predominantly   . 

Propagating towards smaller density regions, on its way out, the neutrino 

passes by the resonance density region. If the matter density changes 

slowly, the neutrino system has enough time to “adjust” itself to the 

changing external conditions: the initial neutrino will be found as a pure    

when it reaches the null density matter (vacuum). This is called the 

adiabatic transition. In contrast to this, if the transition is not adiabatic , 

there will be a level crossing:    will be found as a   . 

There are two conditions for this phenomenon to happen: 

1. The resonant density    has to be smaller than the maximum density 

of the travelled medium: 

   
        

      
                                                           (I.16) 

2. The adiabaticity condition has to be satisfied:: 

  
         

       
                                                                          (I.17) 

Where   is the adiabaticity parameter. 

The MSW effect has a remarkable property for solar neutrinos: if an electron 

solar neutrino reaches the Earth at the night-time as a pure   , this latter 

has to undergo another effect due this time to the Earth‟s matter to become 

its initial state (electron neutrino). It has been found that the flux of 

electron neutrinos detected during night-time can be bigger than that 

detected during day-time, depending on certain parameters. This 

phenomenon is known as the night-day asymmetry.
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Introduction 

 

For the  Neutrino Oscillation Tomography (NOT) technique, potential 

sources can help to achieve it, natural: Solar neutrinos, Supernova 

neutrinos and atmospheric neutrinos, or man-made ones: neutrino beams 

(super-beams or neutrino factories), i. e. low energy neutrino sources. 

Neutrino oscillations are sensitive to the electron density which can be 

converted into the matter density by the number of electrons per nucleon 

(for stable “heavy” heavier then hydrogen materials about 0.5) by the 

relation: 

      
  

  
           

 

 
                                                                                            (II.1) 

We can divide the neutrino oscillation tomography approach into two types, 

based on the neutrino sources: 

NOT with solar and SN neutrinos: for this type, the neutrino evolution goes 

through three major steps, where it is produced inside the Supernova (Sun) 

as flavor state, emerge from it, travels through vacuum and reaches the 

surface of the Earth as mass eigenstate, to be detected after travelling a 

certain amount of Earth matter as flavor eigenstate. 

NOT with low energy neutrinos (coming from other sources than the Sun 

and Supernova): for the second type, neutrinos are produced, travel 

through the vacuum, and are detected as flavor eigenstates (pure flavor 

conversion).This technique  has been treated in several papers [12], [13] 

and [14], where they have probed symmetric Earth profiles with man-made 

sources. 

The thing about solar and SN neutrinos, comes from the feature mentioned 

above, that is neutrinos reach the Earth as mass eigenstates, and for such 

neutrinos, the reconstruction of symmetric as well as asymmetric density 

profiles can be reconstructed, unlike the case of flavor to flavor oscillation 

[31]. 
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With solar neutrinos, the idea comes from the fact that the neutrino signal 

detected at day time is different from the one detected at night time. So, 

the difference between them, is what we call the day-night difference is 

what allows us to achieve such study [29]. 

 

I.   Supernova neutrinos: 

Supernova is the catastrophic end of a massive star (about 8 times the 

solar mass). It is believed to be the most energetic event in the Universe 

after the Big Bang (broad spectral lines and high luminosities comparable to 

the integrated light of their host galaxies), leaving behind (depending on 

the metalicity of the star [15]) it remnants as compact objects, namely, 

neutron stars or black holes.  

Supernova neutrinos are one of the strangest couples in Astrophysics; being 

the coupling of one of the most energetic explosions in the Universe, and 

the lightest elementary particle.  

I. 1. The fate of a massive star: 

After the melting of silicon, the residual material resulting accumulates in 

the iron core of a massive star, this latter reaches a critical mass, and 

becomes instable and starts to collapse, leading to a rapid rise of the 

density and temperature of the core. Thus, the heavy elements synthesized 

during the whole life of the star (iron, helium), start to dissociate through 

photon processes. These endothermic processes (photodisintegration), start 

to “steal” energy from the core, triggering thus its collapse. This latter 

suddenly stops when the inner part of the core reaches nuclear densities 

(             ). 

Not the entire core feels the interruption, actually the outer region of it 

(outer core) continues in-falling. In less than 1ms, a shock wave forms and 

starts to propagate outward, reversing the collapse. Thus, the core 

bounces. 
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Core collapse simulations show that before leaving the core, the shock wave 

looses all of its energy through photodisintegration of nuclear matter. But, 

its real fate is still unknown. 

An explosion mechanism scenario, which seems by far the preferred one to 

explain the “Supernova explosion enigma”, is the delayed explosion 

scenario, which states that in the stalled accretion shock, the absorption of 

even a small fraction of the huge flux of neutrinos resulting from the inner 

region, can revive the shock wave, thus, restarting the explosion, hundreds 

of milliseconds after the core bounces. 

Thus, Supernova neutrinos play an important role, not only by being the 

cause that triggers the Supernova explosion, but also, by being the 

“camera” that takes a “snapshot” of the Supernova inner parts, revealing 

thus the core collapse processes. 

Other than that, Supernova neutrinos has attracted particle physicists 

attention, because, the experiments on neutrino oscillation have allowed us 

to know important neutrino parameters such as mixing angles and mass 

squared differences, still, some of the fundamental properties are still 

unknown with the realized experiments, and are expected to be obtained 

from this particular source (Supernova). Thus, supernova neutrinos are a 

powerful tool, not only to probe the deepest regions of the Supernova, but 

also intrinsic properties of neutrinos. 

   The dominant energy loss of the iron core at the last evolutional stage of 

the massive star is neutrino emission (about 99% of the binding energy is 

realized as neutrinos), which escape the star by diffusion carrying away 

energy, thus cooling it. In what follows, we will pay attention to the 

ordinary Supernova which leads to a neutron star formation (Solar (big) 

metalicity, much mass loss), and the most promising scenario for the 

explosion mechanism is neutrino heating explosion, and, we will follow the 

main stages the inside core produced neutrino goes through, showing the 

processes of creation. 
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I .2.  Evolution of Supernova neutrinos: 

Neutrinos are produced in the core of the Supernova, and travel through its 

mantle and envelope on their way out. Being low energy neutrinos, they are 

transparent to the matter they go through (from the interaction 

perspective), thus one cannot expect much carried information, although, 

the oscillation phenomenon can bring information because the resonant 

oscillation depends on the density profile around the resonant point, which 

is the key ingredient to our study. 

Actually, the only two dozens of events detected from the SN1987A, which 

have been studied extensively (since Supernovae are a really rare events), 

that enable us to come up with the explosion scenario and the SN 

composition. 

From the onset of the gravitational collapse to the explosion, neutrinos 

undergo several property changes, all happening before leaving the SN 

envelope. The original properties are expected from SN simulations, and 

any change whatsoever in them, testifies for neutrino conversion inside the 

SN and the SN matter effects on them. 

In the early stage of the collapse, the core is optically thin to electron 

neutrinos (which are the first flavor produced from the electron capture: 

         ) escape freely the inner part of the SN carrying energy, and 

thus cooling the star. They tend to form the neutrinosphere at densities 

             . 

Neutrino fluxes evolve with time. This main feature helps us to recognize 

the existence of three major phases in the evolution of the rates. Each 

phase is related to a well known process of emission.  

As the core density increases due to the gravitational collapse, the mean 

free path of neutrinos decreases due to the neutrino coherent scattering 

with the nuclei, and so, when the mean free path becomes smaller than the 

core radius, the remaining (electron) neutrinos cannot escape from the core 

during the collapse process, thus they are trapped in the core (the first 

hundred kilometers).   
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I.2.1. The fast rising, the breakout: 

When the central density exceeds that of the nucleus, the collapse of the 

inner core stops, and in less than 1ms, a hydrodynamic shock wave forms 

and propagates outward (densities               ). While this latter 

propagates (the core bounce), after a few milliseconds, the shock wave 

reaches the regions where the neutrinos stream out freely. As a result, a 

burst of electron neutrinos is emitted because after that the shock wave 

deposits its energy along its path (becoming thus an almost stationary 

accretion front),  the energy deposited leads to the decomposition of the 

nuclei into free nucleon (protons and neutrons), and since the cross section 

of a coherent scattering is proportional to the square of mass number, there 

will be no scattering, however,  an extra electron neutrinos is produced by 

electron capture on free protons (because its cross section is also bigger 

than that of on nuclei). This process the neutronization burst works for 

about 10ms. 

I.2.2. The accretion phase:  

In this phase, neutrinos of all flavors are produced. It starts when some 

fraction of the shocked region accretes onto the protoneutron star; the 

gravitational energy is converted into thermal energy, and through some 

thermal processes, namely creation processes which give birth to positrons, 

with in turn decay or couple with electrons, and also neutron captures to 

produce neutrinos. 

The emission of neutrinos by accretion suddenly stops, when the delayed 

explosion starts (revival of the shock wave). 

I.2.3. The cooling phase:  

 Thermal neutrinos of all flavors are also produced in this phase, during the 

cooling of the protoneutron star to form a neutron star (deleptonization, 

Kelvin Helmholtz cooling), by realizing almost all of its energy as neutrinos, 

but with different processes, dependant on the temperature: for relatively 

high temperatures, neutrinos are produced from pair annihilation of 

electrons and positrons, and for low energies from nucleon Bremsstrahlung: 

              . 
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In tens of seconds, more than      neutrinos of all flavors are emitted 

carrying out almost of the gravitational binding energy of the neutron star 

realized in the core collapse: 

             
     

   
  

   

        
                                                 (II.2) 

Where     and     are respectively the final radius and mass of the formed 

neutron star. 

This phase ends when the material of a newly formed neutron star becomes 

transparent to neutrinos. 

I.3. Spectral features of Supernova neutrinos: 

The expected Supernova neutrinos spectra show some features (from the 

interpretation of the SN nucleosynthesis simulations). Any deviation from 

these features, will testify for neutrino conversion inside the matter of the 

Supernova.  

Neutrinos are produced in the very core of the star as flavor eigenstates, 

but they emerge from the star (enveloppe) as mass eigenstates, how they 

reach the surface of the Earth, not being affected by the vacuum due to the 

loss of coherence on their way to the Earth.  

In what follows, some of the generic properties of the neutrinos, deduced 

from the explosion mechanism described above through Supernova 

simulations will be summarized. These properties are independent of the 

model and the parameters of the star. 

I.3.1. Flavor of the neutronizatin peak: 

During the first few milliseconds, the neutrino burst from the SN is expected 

to be dominated by the electron neutrino flavor (produced by the electron 

capture on protons and nuclei while the shock wave passes through the 

neutrinosphere). Any deviation from this expectation will be a proof for the 

electron neutrino conversion to another state. 
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I.3.2. Inequalities of average energies of spectra: 

The average energy of the emitted neutrinos reflects the temperature of the 

matter around the neutrinosphere. Neutrinos interact with matter inside the 

neutrinosphere, and since the temperature of this latter decreases as its 

radius increases, the average energy of the neutrinos emitted determines 

the radius in question. All flavors of neutrinos interact with electron and 

positron, but with different contributions: the one of the electronic flavor 

comes from the interaction via CC and NC, whereas, via NC only for other 

flavors, and with Nuclei equally with all flavors, but only electron neutrinos 

(antineutrinos) interact with protons and neutrons, and since the 

protoneutron star contains more neutrons than protons, electron neutrinos 

couple more with matter than antineutrinos. The average energies of 

neutrinos are expected to have the following inequality: 

    
        

       
                                                               (II.3) 

Detailed numerical simulations estimate the difference of average energies. 

I.3.3. The pinched spectra during the cooling stage: 

The position of the neutrinosphere is determined by the strength of 

interactions neutrino-matter (the average energy inequality). However, 

High energy neutrinos have bigger cross sections, that is they interact 

“strongly” compared to low energy neutrinos. So, they should have longer 

radii of the neutrinosphere. As a result, the energy spectrum gets “pinched” 

(depleted at higher as well as at lower energies compared to the thermal 

(Fermi Dirac distribution). 

The “pinching” phenomenon is established when all neutrinos of the same 

species have the same average energy in their respective neutrinosphere 

(even if there are some neutrinos more energetic than other ones of the 

same species, the radius of the neutrinosphere increases, but their mean 

energy stays the same). 

To parameterize the pinched neutrino spectra: 

  
     

  

              
                                                                   (II.4) 
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For a pinched spectrum,      . (Its value is the same for all     species, and 

in general is different from    or    ) . For a thermal spectrum,      . 

II.  Neutrino evolution from the point of production to the 

envelope of the star:  

Inside the Supernova (its core) neutrinos are produced as the three flavors 

we know, but along their way to the surface of the Earth, they go through 

changes due to their oscillation in the Supernova matter (the MSW effect). 

The non resemblance of their detected spectrum, and the one expected 

testifies for the matter effects on neutrino oscillation, whether it is Earth‟s 

matter, or the one of Supernovae. Here, we are trying to follow a neutrino 

from its birth to its detection (on Earth). 

II.1. Inside the SN: 

As mentioned before, the flavor state neutrino produced in the core of the 

SN, emerges from it as mass state, after passing through a resonant region 

which is responsible for this kind of conversion. 

In the case of solar neutrinos, only one resonant neutrino oscillation occurs 

in the star, however in the Supernova case, neutrinos go through two 

resonant points, because the core density is sufficiently high. The resonance 

density is proportional to the mass difference: 

                  
   

   
  

      

 
  

   

  
                                         (II.5) 

Because all three neutrino flavors are produced in the core of the SN, and 

since there are two mass differences obtained from several experiments, 

there are two resonance layers, where the transition occurs. These layers 

are determined by: 

    
                 

             

    
                 

            

1. The layer at higher densities (H-resonance layer) which corresponds 

to      
  is at : 
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2. The layer at lower densities (L-resonance layer), characterized by 

     
  is at : 

    

          
          

         

   

Which correspond respectively to the LMA, SMA, and VO solutions. 

Hence, the transition regions are far outside the core of the SN, and occur 

mainly in the outer layers of the mantle. 

In the H-resonance layer, the mixing    
  associted with      

  is suppressed 

by matter. The suppression factor is: 

   
 

   
 

  

  
                                                                             (II.6) 

Correspondingly, the effects driven by      
  are suppressed by a factor of 

two. 

In the L-resonance layer, the mixing associated with    
  coincides with 

vacuum mixing:    
     . Therefore, the level    does not participate in the 

dynamics. It decouples from the rest of the system, and the problem is 

reduced to a two state problem. 

Thus, the dynamics of conversions in the two resonance layers can be 

considered independently, and each transition is reduced to a two neutrino 

problem. 

The dynamics of transitions in each layer is determined by the adiabaticity 

parameter  : 

  
   

  

      

     

 

              
                                                       (II.7) 

Such that the probability that a neutrino jumps from one matter eigenstate 

to another (the flip probability) is: 

        
 

 
   (The Landau-Zener formula which is valid for a linear 

variation of density in the resonance region and a small mixing angle  ). 
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Adiabatic conversions correspond to    , i.e.to a very small flip 

probability. 

For a density profile of the form: 

       

The adiabaticity parameter for this profile is: 

  
 

  
 

   

 
 
  

 

       

         
 
 

 
       

  
  

   

                                    (II.8) 

The flip probability as function of the energy can be written as [17]: 

         
   

 
 

   

                                                            (II.9) 

Where 

     
 

  
 

            

      
 

       

  
  

   

                                       (II.10) 

In Figure.2, it is shown that we can divide the whole range of energy into 

three parts: 
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Fig.2. the dependence of    on      (the solid line is for the density profile      , and the 

dashed line is for a density profile      )  [17] 

 

1. Region I:                

Where pure adiabatic conversion occurs:      . (pure flavor transition) 

2. Region III:            ) 

This region corresponds to a strong violation of adiabaticity:      

(flavor to mass transition). 

3. Region II:                   

In this region (the transition region),    increases with the neutrino 

energy. This region spans almost 3 orders of magnitudes in energy, 

which is substantially larger than the range of energies in the neutrino 

spectrum. For our case of density distribution profile, the transition 

region does not depend strongly on the neutrino energy, compared to 
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the case of the exponential distribution profile       (the case of the 

Sun), where the transition region spans only about two orders of 

magnitude (   depends strongly on the neutrino energy). 

The observable part of the SN neutrino spectrum spans about one order 

of magnitude. If the spectrum is in region I, completely adiabatic 

conversion occurs for the whole spectrum. In the region II, the 

conversion depends on energy, however, the dependence is not strong 

over the relevant range of energies. 

 Figure.3 shows the contours of equal    in the             -plot for 

energies E=5 MeV and E=50 MeV.  The neutrinos belonging to the same 

line (determined by the couple            ) have the same   . 

 

Fig.3. Contours of equal    in the             -plot for two different energies on the 

borders of the observable spectrum (Solid lines for 5 Mev, and dashed lines for 50 Mev). 

[17] 

 



Chapter II                                                                   Neutrino evolution inside the Supernova 

 

42 
 

Since the adiabaticity breaking increases with E (   increses with the 

increase of the neutrino energy), and decreases with the increase of     

and        , the lines of equal     for E=50MeV are shifted to larger     

and         relative to the lines for E=50MeV. 

The contours of        (adiabatic transitions) and        (highly non-

adiabatic transitions) divide the plot into three regions: 

 The adiabatic region: is the region above the contour       , 

where the adiabaticity is satisfied and strong flavor conversions 

occur. 

 The transition region: is the region between        and        

contours. In this region, the adiabaticity is partially broken, and 

the transitions are not complete. Moreover, the extent of 

transitions depends on the energy. 

  The non-adiabatic region: is the region below the contour       . 

the neutrino conversions are practically absent. 

The LMA solution lies in the adiabatic region (and so does the LOW 

solution). 

The SMA solution lies in the transition region. 

The VO solution lies either in the transition region, or in the non 

adiabatic region, which depends on the essentially on the outermost 

layers of the star             and the precise value of    . 

Each neutrino mass and flavor spectrum can be presented by two points 

in the             -plot, which characterizes the layers H and L. One 

corresponding to      
           , should lie in the atmospheric band, and 

the other one should lie in one of the “islands” corresponding to the 

solutions of the solar neutrino problem. 

The H-resonance is in the adiabatic range for                        

And in the transition region for                   . 
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II.2. The level crossing schemes and initial conditions:  

The reconstruction of the neutrino mass spectrum (which is described by a 

two points in the             -plane), has an ambiguity which is related to 

the solution of the solar neutrino problem, the type of mass hierarchy and 

the value of    . The first two ambiguities lead to six possible schemes of 

neutrino masses and mixings. Within each scheme, the predictions depend 

on the value of    . 

To reconstruct the neutrino mass spectrum, we need to resolve the   

Schrodinger-like equation which describes the evolution of neutrinos in the 

flavor basis, with an effective Hamiltonian:   

     
 

  

 

 

   
         

     
 

    
  

     
  

    
   

     
 

 

                                                 (II.11) 

The diagonal elements         determine the energies of the flavor states. 

The crossing of these levels indicates a resonance H or L.  

The antineutrinos are represented on the same level crossing diagram, as 

neutrinos travelling through matter with “effectively” negative   , because 

their effective potential V has an opposite sign. 

The H resonance lies in the neutrino channel for the normal mass hierarchy 

and in the antineutrino channel for the inverted mass hierarchy. 

The L resonance lies in the neutrino channel for both the hierarchies as long 

as the solar neutrino solution is SMA or LMA. (Figs. 4, 5) 
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      a: level crossing scheme                                           b: level crossing scheme  

for normal mass hierarchy                                           for the inverted mass hierarchy                                         

                                                                                  

Fig. 4:  SMA solution 

 

    

 

a: level crossing scheme for                                                 b: level crossing scheme for    

the normal mass hierarchy                                                              the IMH 

 

Fig. 5: LMA solution 
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II.3. Conversion probabilities and the neutrino fluxes at the surface 

of the star: 

Taking into account that the dynamics of transitions in the two resonance 

layers are independent, the  fluxes of neutrino mass eigenstates at the 

surface of the star can be written down directly by tracing the path of the 

neutrino in the level crossing diagram. The fluxes are expressed in terms of  

  ,   ,    ,     (flip probabilities for neutrinos (antineutrinos) in L, H-

resonance layers) 

 

  

   

   

   

     
       

             
  

  
 

   
 

  
 

                                              (II.12) 

  
  are the initial neutrino fluxes for the i-flavor as produced in the core of 

the star. 

   are the neutrino fluxes at the surface of the star. 

     are the survival probabilities of electron neutrinos (antineutrinos). 

These probabilities need to be calculated separately for each specific 

scheme. 

This general expression holds for both hierarchies, but with different 

expressions for conversion probabilities. 

II.3.1. Case of normal mass hierarchy: 

The neutrino fluxes arise from the central parts of the SN (high density 

regions) where all the mixings are highly suppressed. The initial neutrino 

flavor states coincide then with the matter eigenstates.  

Using the level crossing scheme for the normal mass hierarchy, we 

derive the following general expressions for the electron neutrinos 

survival probabilities: 

 For neutrinos: 

                                                                     (II.13) 

 For antineutrinos: 
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                                                                              (II.14) 

These probabilities depend on the specific parameters of the masses and 

mixing scheme. 

II.3.2. Case of inverted mass hierarchy: 

 For neutrinos: 

                                                                   (II.15) 

 For antineutrinos: 

                                                                    (II.16) 

II.4. Effects of neutrino conversion for the LMA solution: 

II.4.1. For the mass spectrum with normal hierarchy: 

The general expressions for the neutrino fluxes and for the total 

survival probabilities   and    are given in the previous section. Now, 

the values of the survival probabilities need to be given for each of 

the possible scenario for the neutrino scheme. 

After 140 days of data taking, it was on the 7th of December that the 

first results obtained by the KamLAND group were announced, 

confirming with a high precision that oscillation of neutrinos  are 

compatible with the LMA region, reducing thus the number of 

scenarios mentioned above. Thus, in what follows, we will be focusing 

on this solution. 

The solar neutrino data is explained via the       resonant 

conversion inside the sun with a large mixing angle [20]: 

                     

          The antineutrino channel (     ) 

Even though the antineutrinos do not encounter any resonant, there 

is a significant       conversion due to the large mixing angle. 

The evolution is adiabatic in both L and H layers in this channel. 
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The following transitions occur: 

                          

The survival probability for     is then: 

                    

The neutrino channel: (     ) 

                        

 The expression of the survival probability of    contains thus the flip           

probability in the H-resonance layer. So, depending on the value of    , the 

neutrino survival probability takes the values between  

                

Region I: (      

The level crossing scheme leads to the following transitions: 

                        

The electron neutrino survival probability is then: 

              

The flavor transitions in this region are thus complete!!! 

Region II: 

In this region, the following transitions occur: 

                                 

The neutrino survival probability is given by: 

           

Region III: 

The H-resonance is inoperative: 
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         The following transitions occur: 

                              

II.4.2. For the mass spectrum with inverted hierarchy: 

In the neutrino channel as shown in the figure, the transitions at the L-

resonance are adiabatic, and according to the level crossing scheme, these 

transitions take place: 

                        

The neutrino survival probability is found to be: (    ) 

                 

For the antineutrinos, the transitions in the L-resonance are also 

adiabatic, therefore, conversions in the H-resonance layer depend on 

      . 

Region I: 

The following transitions occur: 

                          

The antineutrino survival probability is thus: 

               

Region II: 

The transitions in the H-resonance layer are incomplete, and the 

following transitions occur: 

                                    

The survival probability is: 

             

Region III: 
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The survival probabilities for the LMA solution for each scheme are 

summarized in (tab.1): 

Regions where the value of 

   lies 

Type of the Mass 

Hierarchy 

     

Region I Normal                 

Inverted                 

Region II Normal                      

Inverted                      

Region III Normal  

         

 

 

         Inverted 

Tab.1: Survival probabilities for the LMA solution  

The final electron neutrino (as well as antineutrino) spectrum gets changed, 

compared to the expected one. This change of its features testifies for 

neutrino conversion in the matter of both the Supernova. It can be revealed 

by either the change of the flavor of the neutronization peak, the 

broadening of the spectrum which can testifies for the composite spectrum, 

and the       inequalities which is a signature for the conversion. 

 

III. Neutrino propagation in Vacuum: 

Due to the divergence of the wavepackets, any coherence between the 

mass eigenstates is lost on the way to the Earth. Indeed, over a distance L, 

the two wavepackets corresponding to two mass eigenstates with a given 

    and having an energy E separate from each other by a distance 

   
   

                                                                               (II.17) 

The lengths of the individual wavepackets are  
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                                                                            (II.18) 

Where T is the temperature of the production region. 

So, even for the smallest             , for        , and        , the 

two wavepackets sepearte from each other by a distance          , which 

is way larger than the lengths of the individual wavepackets. 

This feature leads to conclude that neutrinos are not affected by the 

vacuum they propagate through, and that they reach the surface of the 

Earth as incoherent fluxes of the mass eigenstate (mixed flavors).
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Introduction 

 

The deep interior of the Earth remains somewhat of a mystery as we have 

only penetrated the very outer portions of it with deep drilling exploration. 

The actual knowledge about the Earth structure is given from the study of 

the lava that has extracted to the surface of the Earth, or, from the 

interpretation of seismic geophysics data, as the wave velocities change 

from layer to another, which has led to come up with the (concentric) 

picture of the Earth as it is structured in concentric series of rings 

progressing from the extremely hot dense inner core to the (brittle) cooler 

outer part of the crust. 

Geoscientists obtain seismic data from the study of the seismic waves 

resulting from natural Earth quakes or from human made explosions. Their 

velocities increase with the increase of rock density, and they change 

direction and amplitude. 

Seismic energy produces two kinds of waves useful in the study of the 

Earth‟s interior: 

 The Compressional (P) waves: they are parallel the direction of travel. 

The Shear (S) waves: they are perpendicular to the direction of motion, and 

do not penetrate molton masses. When they encounter a boundary of two 

rock densities, a portion of the s-waves travels along the boundary, as the 

other portion gets reflected to the surface. 

In what follows, we will show how neutrino oscillation study can serve as 

complementary information, since neutrino oscillation in the Earth is 

sensitive to the density of the matter it goes through, unlike seismic 

geophysics which is sensitive only to the density jumps.  
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I. Structure  of the Earth: 

The Earth is a solid rotating “ball” of diameter about 12750 km, surrounded 

by a gaseous envelope, the atmosphere. About 71% of its surface is 

covered by water, the remaining percentage consists of randomly reparted 

continents and islands.  

I. 1. Inner structure of the Earth: 

Formed about 4,5 millions of years ago, from meteorite accretion, the Earth 

is structured (like any other stellar object) as layers of different widths and 

different  compositions; it has an onion like structure. From surface to the 

deepest interior, the three main layers are: the lithosphere, the mantle and 

the core( figures below)  

 

             

Fig.1: Inner structure of the Earth 
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These layers have been divided from the study of the seismic wave 

propagation through the entire globe in all direction, through the important 

brutal modification in the velocity of the wave, when it changes the 

medium. This method has allowed going deeper than the man could go. 

I. 1.1. The lithosphere: (0 to 100 km)  

Superficial part of the globe, it is a rigid cool layer, divided into rigid 

segments, namely tectonic plates floating on a viscous matter of the 

asthenosphere  (inferior part of the upper mantle), and are constantly in 

motion. This layer is constituted of the crust and a part of the upper mantle, 

and goes deep of about 100 km below the oceans, to 300 km under the 

continents. 

I. 1.1.1.  The crust: 

It forms the skin of the lithosphere and represents around 1.5% of the 

terrestrial volume. 

The solid continental crust is mostly granitic, and “built” from the sediment 

rocks, has a thickness of about 30 km under the continents, and can reach 

to a depth 100 km under massive mountains. 
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The solid oceanic crust, essentially composed of basaltic rocks is relatively 

thin (of about 6 to 8 km). 

I. 1.1.2. the upper part of the mantle: (The uppermost mantle (100 km 

to 670 km)): 

It is formed from Peridotites (dark dense rocks resulting from the slow 

cooling of the magma, constituted in grains visible with bare eye), has also 

a variable thickness depending on its location (under the ocean or under a 

continent). It is more visquoueus than the lower mantle (670 km to 2900 

km), and essentially formed of “perovskites” (crystalline structure according 

to the name of a Russian mineralogist L. A. Perowski). 

The transition zone between the upper mantle and the crust discovered in 

1909 by the Yogoslavian geophysicist and seismologist Andrija Mohorovicic 

is known as the Mohorovicic discontinuity, or simply Moho. 

I. 1.2. The asthenosphere: 

The least rigid portion of the mantle. Seismic wave velocity increases in 

this region due to the increase of the density. The rock of the oceanic 

crust is somewhat less dense than that of the mantle. 

I. 1.3. The mesosphere: 

The lower mantle, is not liquid, like would “the melting of lava” of certain 

volcanic eruptions let us suppose; but it at least “hard” than the other 

layers. It is composed of rigid, solid rock and presents properties of an 

elastic solid.  

The mantle which temperature is more than 1200°C, represents about 84% 

of the terrestrial volume. 

The transition zone between the mantle and the core was first localized at a 

depth of about 2900 km in 1912, by the German seismologist Beno 

Gutenberg from whose it is named The Gutenberg discontinuity. 
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I. 1.4. The core: 

I. 1.4.1. The outer core (2900 km to 5100 km): 

It is liquid and essentially composed of iron (about 80%), of nickel and of 

several light elements. This metallic core whose fluidity was established in 

1926 by the British geophysicist and astronomer Harold Jeffreys, after 

noticing the absence of shear wave velocities, which drop to zero when 

encountering a liquid. It presents a viscouesity near that of the water, a 

mean temperature of 4000°C. 

It is believed that the convection movements of this liquid core and its 

interaction with the solid inner core are the cause of the Earth‟s magnetic 

field. 

I. 1.4.2. The inner core (5100 km to 6378 km): 

It was discovered in 1936 by the Danish seismologist Inge Lehmann 

(woman). Essentially metallic, it is formed by progressive crystallization of 

the liquid core. It is maintained solid by the enormous overlying pressure 

despite a temperature superior than 5000°C. 

The transition zone between the outer core and the inner core is called 

Lehmann discontinuity. 

The core represents about 15% of the terrestrial volume.   

I.2. Controversial hypothesis about the core: 

The Earth‟s core has always been described the way mentioned above, until 

when the American geophysicist J. Marvin Herndon came up with a 

controversial hypothesis about the existing of radioactive elements, namely 

Uranium and Thorium at the very center of the Earth‟s inner core, making 

thus birth to a sub-inner core that contains these lithophile elements, which 

–from a geochemical perspective- can never exist at the core of the Earth.  

Herndon assumed that these elements are the cause of the Earth‟s 

magnetic field, and its instability, and that the energy realized from the 

decay of these radioactive elements, is the secret behind the heat 

generated by the Earth [21], [22], [23]. 



Chapter III                                                                          Neutrino evolution inside the Earth 

 

57 
 

II. The Earth matter effects: 

The Earth Matter Effects on Supernova neutrinos can be identified at a 

single detector through peaks in the Fourier transform of the neutrino 

inverse energy spectrum [24], where only one genuine peak is observed 

when neutrinos cross only the mantle of the Earth (     ), whereas, for 

core crossing neutrinos (     ), as many as seven peaks appear in the 

Fourier transform of the inverse energy spectrum, with three ones 

dominant. The positions of these peaks are independent of the model of the 

SN, and can be used to distinguish between different neutrino mixing 

scenarios. 

The identification of the Earth Matter effect on Supernova neutrinos can also 

be established at two or more detectors (planned or already existing) 

through comparing the neutrino energy signal obtained at these detectors, 

with the one expected. 

It has been shown [18] that this can be achieved with three existing 

detectors, namely, LVD, SNO, SK, which are located in the northern 

hemisphere of the Earth, for a Supernova located at the southern 

hemisphere, through comparing the signals. For this SN location in the 

Galaxy, at least two detectors are shielded by the Earth. For the detector 

that is not, its data can be taken as a reference without the Earth Effects. 

For an SN located in the Galactic center (declination          ), the figure 

below shows the dependence of the nadir angle (     ) with respect to the 

time of the day taken at the three detectors. 
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Fig. 2: The cosines of the nadir angles of SuperKamiokande, SNO and LVD 

for a Supernova located at the center of the Galaxy, as functions of the arrival times of the 

burst.     is fixed to be the time at which the star is aligned with the Greenwich meridian 

[18]. 

For an SN located near the Galactic center (declination           : 

                    corresponds to the trajectory tangential to the core of 

the Earth, so for neutrinos with trajectories of nadir angles           , the 

Earth matter effect is the largest, since they are core crossing neutrinos. 

Many observations can be made from the fig.2: 

 For a Supernova located in the southern hemisphere (    ), at any 

arrival time of the neutrino, at least one of the three existing 

detectors is shielded by the Earth (        ), and for the detector 

that it is not, its data can be taken as a reference for the no matter 

effect.  

 For a Supernova located in the northern hemisphere (    ), the 

three detectors considered give a small matter effect, since the 

probability that the neutrino crosses the Earth is small. So, for such 

location of the SN in the Galaxy, “future” southern hemisphere 

located detectors are more promising. 
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The effects of the travelled matter on oscillations of SN neutrinos are 

heavily studied, in a way that, knowing the density of the matter travelled; 

the study effects can reveal some of the fundamental neutrino parameters: 

 It is used to distinguish between different neutrino mass schemes. 

 Put bounds on the mixing of the electron flavor state in the third 

neutrino mass eigenstate. 

 Identify the solar neutrino parameters. 

In this work, we will try to go the other way around, that is knowing the 

exact solution to the solar neutrino problem, the exact neutrino mass 

spectrum (inverted or normal hierarchy) and the exact mixing of the 

electron flavor mixing in the third mass eigenstate, and extract information 

about the matter neutrinos travel (reconstruct the Earth‟s density profile).  

In what follows, we will follow the neutrino evolution from the point they 

reach the Earth coming from the SN, to the point they are detected.  

II.1. Crossing the Earth: 

As has been mentioned before, the neutrino trajectory inside the Earth, 

before reaching the detector, depends on the location of the SN with 

respect to the detector on Earth.  

We will imagine a scenario where the SN faces a detector, which measures 

the neutrino flux as they reach the surface of the Earth (the same that 

emerges from the SN envelope) before crossing the Earth (no Earth matter 

effects), and another one shielded by the Earth, which measures the flux 

with the Earth‟s matter effects (fig. 3). 

Due to the loss of coherence on their way to the Earth, SN neutrinos arrive 

at the surface of the Earth as mass eigenstates, and oscillate in the Earth‟s 

matter to be detected as flavor eigenstates (electron flavor). 

To every mass eigenstate flux reaching the Earth‟s surface, there are three 

contributions to this flux coming from the three falvor eigenstates produced 

in the SN [17]. 
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Fig. 3: Mass to flavor oscillation inside the Earth. 

The flux of    at the detector (after traversing the Earth) is: 

  
                                                                 (III.1) 

Where: 

    is the probability that a mass eigenstate    entering the Earth reaches 

the detector as   . 

  : is the flux of mass eigenstates emerging from the SN envelope, and the 

same reaching the Earth‟s surface. 

  
      

          
                                              (III.2) 

With 

                                                                     (III.3) 

   is the neutrino survival probability at the detector. 

 

       

           
       

                                                        (III.4) 

The difference in the    fluxes at the detector due to the propagation in 

Earth equals: 

  
              

    
                                          (III.5) 

        
 

                                                             (III.6) 
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Where: 

  
  is the original neutrino flux (as produced inside the SN). 

   the flux that reaches the Earth‟s surface. 

  
  the electron neutrino flux after traversing the Earth. 

  is the neutrino survival probability at the surface of the Earth (envelope of 

the Supernova). 

                                                         (III.7) 

Inside the Earth    oscillates with a very small depth: 

            
        

     
                                                            (III.8) 

       is the effective potential of    in the Earth. 

For SN neutrinos, we have: 

        

     
                                                                               (III.9) 

Moreover,             . So that: 

                                                                                  (III.10) 

So the second term in the equation above can be neglected, and the fluxes 

difference can be written as: 

  
                             

    
                                     (III.11) 

    is the probability that the mass eigenstate    entering the Earth, reaches 

the detector as   . 

When the signals from two detectors D1 and D2 are compared, the 

difference of fluxes is: 

  
     

                
   

    
   

    
    

   

Here, both detectors detect neutrinos after traversing the Earth. 

Several comments can be made from the equation (III.11): 
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 The Earth matter effect has a negative sign for high energies 

(where the    flux overwhelms the    flux), and changes its sign at 

a critical energy    such that 

  
        

     , 

 to become positive where the    flux is overwhelmed by the    flux. 

    can be looked to as a suppression factor due to the neutrino 

conversions at high resonance (inside the SN). If the H-resonance 

is completely adiabatic (     , the Earth matter effect vanishes: 

all the    produced, are converted into    in the star, and (as 

mentioned before), the Earth effects on    are negligible. 

For antineutrinos, the Earth effects are determined by their survival 

probability at the detector: 

                                                                    (III.12) 

So, we obtain at one detector, neglecting the oscillations of     inside 

the Earth: 

             
                               

    
                        (III.13) 

In two detectors: 

   
      

        
   

     
   

             
    

   

Due to the absence of the H-resonance in the antineutrino channel, 

there is no suppression factor (  ) similar to the neutrino case. 

Since the    spectrum is softer than the    spectrum, the factor 

    
    

   is positive for lower energies, and changes its sign to 

become negative (for higher energies) at a critical energy    , where: 

   
         

      . 
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II.2. Study of the Earth matter effects:  

The expressions of the flux differences found for both neutrinos and 

antineutrinos are summarized in what follows: they are classified 

according to the neutrino mass scheme: 

For the normal mass hierarchy: 

   
                             

    
        for neutrinos 

    
                               

    
      for antineutrinos 

For the inverted mass hierarchy: 

   
                           

    
      for neutrinos 

    
                                  

    
        for antineutrinos 

Notice that the expressions for the Earth matter effects in inverted 

mass hierarchy case have the same form as the expressions in the 

normal mass hierarchy case, with substitution:       ,        and 

      . 

II.2.1. The neutrino channel: 

Clearly the Earth matter effects are observed in the regions II and III 

for the normal mass hierarchy, where the transition in the H-

resonance is purely non-adiabatic (     , and for the inverted mass 

hierarchy regardless in which region the H-resonance lies. 

II.2.2. The antineutrino channel: 

The Earth effects are observed for the normal hierarchy (H-resonance 

is inoperative) and are well observed for pure adiabatic transition in 

the L-resonance layer        , and in the regions II and III for the 

inverted mass hierarchy, where the transition in the H-resonance is 

purely non-adiabatic (      . 

The qualitative features of the final fluxes for various neutrino mass spectra 

for the LMA solution to the solar neutrino problem, are summarized in the 

following table: 
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Region 

of     

Type of 

Mass 

Hierarchy 

Neutronization 

peak 

Spectrum Earth 

effects 

              

Region I Normal     hard composite     

Inverted       composite hard     

Region 

II 

Normal  

 

      

 

        composite 

        

Inverted  

Region 

III 

Normal   

 Inverted 

Tab.2: qualitative features of the final fluxes for various neutrino mass spectra for 

the LMA solution to the solar neutrino problem. 

The purpose of this work is to study the Earth matter effects. So the 

scenarios we are interested in are the ones where these effects are 

observed (for the LMA solution). 

From (tab.2), it is clear that the Earth matter effects are observed for 

several cases of neutrino mixing scenarios, and mass spectra. The study is 

thus reduced to these specific cases: 

For neutrinos: 

The Earth matter effects on neutrinos (described by both expressions, 

for the normal and inverted mass hierarchies respectively): 

 
   

                             
    

    

  
                           

    
   

                       (III.14) 

Are observed for the following cases: 

 The regions II and III regardless the neutrino mass hierarchy. 

 The region I for the inverted hierarchy. 

For antineutrinos: 
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The Earth matter effects on antineutrinos (described by both 

expressions, for the normal and inverted mass hierarchies respectively):  

 
   

                               
    

   

   
                                  

    
   

                          (III.15) 

Are observed in the following cases: 

 The regions II and III regardless the neutrino mass hierarchy. 

 The region I for the normal hierarchy 

 

The Earth matter effects are encoded in the quantity               for 

antineutrinos, and in              for neutrinos. So we turn now to the 

calculation of this quantity. 

III. The regeneration factor: 

Neutrino oscillations are described by: 

 Two mass squared differences:     
 ,     

  

 Three mixing angles:    ,     and     

 The Dirac type CP-violating phase     

For oscillations of solar and SN neutrinos inside the Earth, the third 

eigenstate essentially decouples from the other two, and the relevant 

parameters are: 

     
 ,     which are determined from the solar neutrino data and long 

baseline reactor experiment KamLAND. 

     (Component of the electron neutrino in the third mass eigenstate) 

whose only the upper bound exists (constrained from CHOOZ) 

The information we need about the Earth‟s interior are encoded in the 

regeneration factor             , where: 

     is the probability that a mass eigenstate neutrino is found at the 

detector as an electron flavor neutrino after traversing a distance L 

inside the Earth.  
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   is the projection of the second mass eigenstate onto the 

electron flavor state. 

The expression for the Earth matter effects on the Oscillation of SN 

neutrinos, is valid for an arbitrary density profile, and reproduces all the 

analytic expressions obtained under simplified assumptions about the 

Earth‟s density profile (matter of constant density, three layers of constant 

densities and the adiabatic approximation) [29]. 

III.1. Calculation of the regeneration factor 

The neutrino evolution equation in the mass basis, is written as [26]: 

 
 

  
     

Where: 

 H is diagonal in this physical basis. 

In the flavor basis it is written as: 

 
 

  
        

 Where: 

         

 
 

  
                                       

Where: 

            
  is the wave function of the neutrino system. 

t: is the coordinate along the neutrino trajectory. 

              : is the neutrino matter induced potential. 

For our purpose, it is convenient to go to the new basis defined through: 

                                                                                     (III.16) 

The neutrino evolution equation for the rotated state    is: 
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                 (III.17) 

Where:  

              and                                                               (III.18) 

  
    

 

  
       and       

    
 

  
                                                      (III.19) 

 Neutrino evolution in both the Supernova (Sun) and in the Earth is 

adiabatic (          In addition, since      , we can to a very good 

accuracy neglect the (1-3) and (3-1) elements of the effective Hamiltonian 

compared to the (3-3) element: 

 
 

  
 
   
   
   

   
    

      
              

            
   

    

  
   
   
   

                             (III.20) 

This means that the third matter eigenstate decouples from the other two 

matter eigenstaes. Besides, the (3-3) element in the Hamiltonian (III.20) 

shows that the Earth matter effects on the third mass eigenstate are 

negligible. 

Diagonalization of the          -subsector of the effective Hamiltonian (III.20) 

yields the instantaneous effective mixing angle in matter:  

       
     

          
  

    
  

 

    
                                                              (III.21)                                             

With 

                   
     

   

 

                                                 (III.22) 

Let us now introduce the neutrino evolution matrix in the rotated basis 

according to: 

                      ,                                       
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The matrix          satisfies the same evolution equation as the rotated state 

  : 

 
 

  
                     

 

  
                                                           (III.23) 

The decoupling of the third matter eigenstate implies that the evolution 

matrix is written as: 

          

                 

                    
         

                                              (III.24) 

Where 

                                                                                       (III.25) 

Probabilities     and     in terms of   ,   : 

       
            

  
 
 

       
            

  
 
 

Finally, the Earth regeneration factor is expressed by: 

         
      

             
 

                                                    (III.26) 

III.2. Explicit expression for the regeneration factor 

To obtain the explicit expression for the regeneration factor, we have to find 

the explicit expressions for both   ,    witch are valid for an arbitrary Earth 

density profile. 

Actually, the expressions found so far for the Earth matter effects on 

oscillation of neutrinos, which are obtained under simplifying assumptions 

about the Earth‟s density profile (matter of constant density, three layers of 

constant densities and the adiabatic approximation) are in their general 

form the same as the above one, what differs from one analytic expression 

to the other, is the explicit expressions of both    and   . 

Here,     and    are obtained with no assumption made about the Earth 

density profile, that is an arbitrary density profile. 
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The basic point is that the neutrino potential inside the Earth is small, and 

so can be considered as perturbation. 

The starting point of this procedure is related to the fact that in the limit 

    , the adiabaticity condition is automatically satisfied, though, no 

explicit assumption is made. 

III.2.1. Perturbation theory in V: 

For perturbation theory in V to be valid, two dimensionless parameters have 

to be small: 

 
 

  
 which is indeed very small in our case. 

        
 

 
  which can be large enough for long distances travelled by 

neutrinos through the Earth. 

We perform the perturbation theory in   for the evolution matrix [26]. 

The effective Hamiltonian (III.20), can be decomposed as: 

                 

Where:  

    and        are of zeroth and first order in V(t) respectively. 

Then, to first order in V(t), the evolution matrix          can be written as: 

                                                             
 

  
                    (III.27) 

For the zeroth-order matrix            we find: 

 
                       

                  
   

Equation (III.26) then gives: 

 
                   

      
            

                                                              (III.28) 

Where: 

  
   

 

 
       

 

  
      

 
    ,               

     
  

  
                              (III.29) 
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Substituting (III.29) in (III.28), and the result in (III.26), and after a little 

algebra, we find: 

         
  

   
 

 
                            

 

 
                            (III.30) 

   is the coordinate of the neutrino path length inside the Earth. 

 The result obtained (III.30), is thus valid for short distances travelled 

through the Earth. 

A more accurate formula can be obtained by replacing the integrant in 

(III.30), the in-vacuum oscillation phase, by the corresponding adiabatic 

one, i.e.  

         
  

   
 

 
                          

 

 
     

 

 
                              

This result is obtained by performing the perturbation theory in 
 

  
 rather 

than in  . This theory requires only the smallness of 
 

  
 , and is valid for long 

as for short neutrino path lengths inside the Earth. 

III.2.2. Perturbation theory in 
 

  
: 

The starting point is the same as the previous perturbation theory, but 

here, we do not have to introduce the rotated basis. 

The neutrino evolution equation in the mass-eigentate basis: 
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             (III.31) 

The diagonalization of this matrix is performed through the rotation by the 

angle       which is determined according to: 

          
            

     
  

    
,                                                       

          
          

     
  

    
 

           
      

 
             

                                           

Note that            , where      is defined through (III.21). 

The smallness of the matter-induced neutrino potential compared to    

means that the neutrino matter eigenstate     almost coincide with the 

mass eigenstate    (        , i.e.        .  

We shall now employ perturbation theory in      , which is essentially the 

same as perturbation theory in 
 

  
 . 

The decoupling of the third eigenstate allows us to write: 

        

                            

                           

     

                              (III.32) 

Where: 

     
       

 
                                                                         (III.33) 

The Hamiltonian (III.32) can be decomposed into a term of zeroth order in 

        ,  and a term of first and higher orders in    according to: 

        
       

      

     
        

                          

                           
   

  

The evolution matrix to first order in     can be found from: 
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Where 

The zeroth order evolution matrix in the mass-eigenstate basis is: 

                          ,                                      

                         
 

  
          

         

 

 
 

           
 

  
       

             
 

  
      

                      
 

 
 

    (III.34) 

To first order: 

                           /                          
 

  
          

       
          

             
          

                                                  (III.35) 

Where: 

       
 

  
     ,                                          

 

  
                     

 

  
     

The amplitude             is obtained as: 

                    
 
 
 
  

This gives: 

         
  

   
 

 
                          

 

 
     

 

 
                           (III.36) 

Note: 

This expression depends on the adiabatic phase     , although, no explicit 

assumption whatsoever about adiabaticity was made in its derivation. 
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This is related to the fact that in the limit      the adiabaticity condition is 

automatically satisfied. 

Indeed, the adiabaticity condition requires that the mixing angle in matter 

     changes little on the length scales of the order of the neutrino oscillation 

length in matter (      ). In the case      this mixing angle is always 

close to the vacuum mixing angle and so changes little over the whole scale 

  which contains many oscillation lengths, i.e. the neutrino evolution inside 

the Earth‟s matter is automatically adiabatic. 

III.3. Comments on the found result 

The analytic expression for the Earth matter effects on oscillation of 

Supernova (Solar) neutrinos which is valid for short distances travelled 

through the Earth (III.30) can be written as : 

         
  

   
 

 
                                                             (III.37) 

Where  

                         
 

 
                                               

     has a Fourier integral form and actually means that in the limit of small 

 , this function (which is  found from the Earth regeneration factor, which in 

turn is obtained from the experimental measurements of the flux 

differences) is just the Fourier transform of the matter induced potential: 

     
 

 
                    
 

 
                                             

This allows thus reconstruct the Earth‟s density profile from the Supernova 

(Solar) neutrino data. But, this can be achieved under the following 

condition: 

 This result is exact. 

 The function       has to be known in the whole interval       

(the whole energy interval      ). 

 The  -dependence of      has to be precisely known, i.e the detectors 

have perfect energy resolution, and they can determine the exact 

incoming neutrino energy from those of secondary particles. Besides, 
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the oscillation parameters     
      and     have to be known 

precisely. 

  In reality, none of these conditions is satisfied: 

 The found result is valid only in the limit 
 

  
   and     . 

 The function      is only measured in a finite energy interval, and 

with some experimental errors, the detectors have finite energy 

resolution, and can give limited information on the energy of the 

incoming neutrinos, and the neutrino parameters are only known 

with certain experimental uncertainties. 
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Introduction 

 

In what follows, we will try to reconstruct the Earth‟s density profile, 

supposing that nothing is known about it, and the only information we have 

is the neutrino data. We will see how this technique can give 

complementary information to the one that relies on the interpretation of 

seismic wave data. 

We will also see whether there is any difference between the use of solar 

neutrinos and SN neutrinos. In other words, does the difference in neutrino 

energies allow a better and more accurate reconstruction of the Earth‟s 

density profile? And what about longer distances? 

 

I. Linear regime  

The linear regime is based on the simple formula which was derived under 

the assumptions 
 

  
   and      (perturbation theory in  ): 

                        
 

 
                                                (IV.1)       

This formula has a Fourier integral form, and means that in the small V 

limit, the function      is the Fourier transform of the matter induced 

potential     : 

     
 

 
                   

 

 
                                              (IV.2)     

Thus, this requires that the function      is precisely measured for the 

whole interval       (in the infinite interval of neutrino energies 

     ), but since the neutrino energy is very limited from above, we will 

see how this obstacle can be overcome. 

For the matter density in the upper mantle of the Earth,         , the 

condition      (where V is the matter induced potential of the neutrino, 
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and L is the distance travelled through this matter) leads to the upper limit 

on the allowed neutrino path lengths inside the Earth: 

                                                                                       (IV.3) 

For         ,  the distances allowed are            

For         ,  the distances allowed are           

So, the smaller the density of the matter travelled is, the longer the 

distances allowed to be travelled by neutrinos are. 

For these distances, the found formula of the regeneration factor can be 

applicable.  

The condition (IV.3) will be relaxed in the study of the non linear regime. 

In what follows, we will assume that the result is exact, but the function 

     (which should be experimentally measured) is only known for a finite 

interval             (finite interval of neutrino energies:            ).  

How does this finite interval effect the result found? 

II. Effects of      and     : 

First, let us consider an integral of the type of     : 

 

 
                   

    

    
                                                     (IV.4) 

This integral gives: 

 

 
       

 

 
  
            

   
 

               

        
  

    

    

                                 (IV.5) 

In order that this integral approaches the integral over infinite interval   

    : 

 
 
 

 
   

 

 

     
             

 

 
   

                
 

 

 
  

So, in the ideal case, we would like to have: 
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                                                                             (IV.6) 

As we shall see, having large enough      does not pose any problem. 

However, in most situations of practical interest, the second condition is not 

satisfied (     
 

 
). We shall see that this difficulty can be readily overcome. 

II.1. The effect of finite     : 

In order to study the effect of finite     , we have to put       . 

In the limit        , the function 
     

 
 goes to      , therefore, for 

       , the upper limit would yield              [31] , i.e. 

essentially the potential       

(          for all    ). (In our case,    ). 

The function     
     

 
 , for      is plotted in the fig.1.  

 

Fig.1: Function      
     

 
 

 The width of its central peak is 
 

 
. 

 With increasing  , the peak becomes higher and narrower, and 

the amplitude of the side oscillations quickly decreases. It is 

therefore clear that finite      leads to finite coordinate resolution 

   
 

    
 of the reconstructed potential     , as well as to small 

oscillations of the reconstructed potential around the true one. 



Chapter IV                                                                                                Procedure and Results 

 

79 
 

The values of large      correspond to low neutrino energies, therefore, the 

smaller the neutrino energy (the shorter the oscillation length), the finer the 

density structures that can be probed (the shorter the coordinate scale on 

which the Earth density profile can be probed). So, for good enough 

resolution, we can put        in our analytic formulas. 

 II.2. The effect of having a non zero      

There are two reasons why having a sufficiently small      may be a 

fundamental problem: 

1. Small      implies large neutrino energies, and there are upper 

limits to the available neutrino energies.  

2. The second obstacle is of more fundamental nature. The 

condition for which our main result is valid, i. e. 
 

  
  , may 

break down for too small     . This gives a lower limit to values 

of      one can use. 

 

III. Iteration procedure: 

To overcome the difficulty imposed by having a non zero     , we consider 

       , which is justified previously, then from the integral (IV.5) we 

find: 

     
 

 
                  

 

    
 

 

 
       

 

 
                               (IV.7) 

Where the function              is defined as: 

             
              

   
 

                 

      
                                       (IV.8) 

By comparing the integral (IV.7) with the integral (IV.2), we can consider 

the second integral in (IV.7) as a compensating term for an error introduced 

in (IV.2) by having a non-zero lower limit in the integral over  . However, 

containing the unknown potential     , this compensating integral cannot be 

calculated directly. This problem can, however, be cured by invoking simple 

iteration procedure. 
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We first note that in the limit        , the first integral in (IV.7) yields      

while the second one disappears. Therefore, for not too large values of       

(not too small values of     ), the first integral gives a very good 

approximation to     . One can use thus this value to obtain the result to 

the second integral to obtain the next approximation to     : 

      
 

 
                    
 

    
                                                    (IV.9) 

We put: 

      
 

 
        

 

 
                                                                    (IV.10)   

And then, we calculate the addition: 

                                                                                         (IV.11) 

We follow the following formulas 

        
 

 
          

 

 
              ,                                     (IV.12) 

So, this yields a series of potentials                    , which for small 

enough      converge to     . 

The problem posed by having a non zero      has actually two sides: 

First, it should be small enough (though possible to reach  ). 

Second, it should not be smaller than a critical value, for which the iteration 

procedure fails. 

IV. Results: 

To reproduce the Earth‟s density profile from neutrino data, we have to 

know the value of     (IV.1) which differs from one profile to another, for 

the allowed range of neutrino energies. It should be experimentally 

measured, but, since it is not available “yet”, we should proceed in the 

following way:  

1. We generate the neutrino “data” from the Earth‟s density profile 

(extract the function     ), by making use of the equation (IV.2). 



Chapter IV                                                                                                Procedure and Results 

 

81 
 

2. Now, we pretend that nothing is known about the Earth‟s density 

profile, the only thing known, is the function     , deduced by the 

step 1, and, we use it as our input in the calculation to establish     , 

making use of the formulas (IV.12). 

For the application on solar neutrinos, we compare probabilities for the day-

time (neutrinos with no Earth effects), and night-time (neutrinos with the 

Earth effect), for the step density, PREM, and asymmetric Earth density 

profiles.  The obtained results are presented in what follows: 

         IV.1. Step density profile:  

For illustration, we shall start by the step density profile, where the 

Earth‟s density is usually approximated by three layers of constant 

density, representing respectively the mantle-core-mantle. The study 

is done for         , (to satisfy the condition (IV.3) for which this 

study is valid): 

 

Fig.2.a. The step density profile (             ) 
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Fig.2.b.    (                    ) 

 

 

Fig.2.c.    (                    ) 
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Fig.2.d.    (                    ) 

 

Fig.2.e.    (                    ) 
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Fig.2.f.    (                    ) 

        The “true” density profile is obtained by the fourth iteration     . 

IV.2. PREM-like Earth density profile: 

 

Fig.3.a. The Preliminary Reference Earth Model [32] (             ) 

 We perform the same procedure as before for          



Chapter IV                                                                                                Procedure and Results 

 

85 
 

 

Fig.3.b.            (                    ) 

Also, the fourth iteration gives the true profile. (   is not shown in order to 

avoid crowding in the figure) 

IV.3. Asymmetric step-like density profile: 

One of the major features of SN (and solar) neutrinos, is that –as 

mentioned earlier- they reach the Earth as mass eigenstates, and 

unlike flavor eigenstates, they allow the reconstruction of asymmetric 

density profiles. 

By symmetric density profiles we mean profiles that have the same 

densities around the midpoint of the neutrino trajectory inside the 

Earth ( ). They give rise to potentials that have the same property: 

            

This symmetry is only approximate; it is violated by inhomogeneities 

of the Earth‟s density distribution on short length scales [27], [28]. 

For an asymmetric density profile: 



Chapter IV                                                                                                Procedure and Results 

 

86 
 

 

Fig.4.a. The Asymmetric step density profile (             ) 

 

The results are plotted in the following figure: 

 

Fig.4.b.            (                    ) 
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V. Analysis: 

 

For solar neutrinos (            , the fourth iteration leads to the 

true profile. 

The results found for the three profiles are found taking a critical 

value for      chosen to be            (            ) above which 

this iteration procedure fails: it yields potentials which, instead of 

approaching the true profile, they deviate from it. That is, there is a 

lower bound for maximal neutrino energy, the maximum energy has 

to be at least           for this iteration procedure to work: 

If                 , the iteration procedure fails, so, we have to 

chose a critical value for      such that         (        i.e there 

has to be a lower bound for maximal neutrino energy). 

For          (neutrinos traversing the upper mantle of the Earth): 

                           

For which            . 

                        

For which                                     

 

For the three profiles also, the precision was taken to be          

i.e.               . 

1. All of the Three profiles are produced “exactly” by the fourth 

iteration, regardless its shape or its density distribution. 

2. The iterative potentials approach the true profile from below, and 

never exceed it. 

3. All the iterative potentials (even the farthest from the true one   ) 

reproduce the same positions and magnitudes of the density 

jumps as the true one.  

4. The deviations of       from the exact potential are small at     

and largest at    . 

VI. Discussion and interpretation: 

This approach not only reproduces the exact positions of the density 

jumps (already known from seismic geophysics data), but also gives 
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the same magnitude (the exact value of the densities) in the different 

layers, so it is complementary to seismic geophysics. 

Even if the “true” profile is found from the 4th iteration,   already 

gives the value of the density near the detector    . 

VII. Supernova neutrinos:  

   Solar neutrinos and Supernova neutrinos are almost the same, they both 

come from dense sources, which makes them reaching the Earth as mass 

eigenstates. So, the same study done above for solar neutrinos, should lead 

to the same results for supernova neutrinos. The main feature that differs 

SN from solar neutrinos is their energies, and by saying that, according to 

the calculations above, we mean a different condition for the linear regime 

to be valid, and the integral borders:  . 

The energy of SN neutrinos can be extended up to       , which are on the 

high-energy tail of the spectrum, thus, the values taken for     , are not the 

same. So, we should see in what follows how this feature effects the found 

results. 

If we take             

The conditions that have to be satisfied are: 

 
             

            
  

The results found are (for the three density profiles as before): 
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Fig.5. Step density Profile:      (                        ) 

 Fig.6. Asymmetric step density Profile:      (                        ) 
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Fig.7. PREM density Profile:      (                        ) 

The same observations as those for the Solar neutrinos case are 

made for Supernova neutrinos, except for one observed difference: 

         In this case, the true profile is reconstructed after the 1st iteration      

(  ), so clearly Supernova neutrinos give better (faster) information than 

Solar neutrinos, in other words, the higher the neutrino energy is, the faster 

the convergence to the true profile is.  

The results above are found for        , although, it is very 

constructive to consider the iteration procedure in the limit         

(condition to approach the ideal case). In this limit, the expression 

(IV.8) simplifies to: 

             
  

 
    

                                                (IV.13) 

 

In that case, the “correction terms” are given by: 

      
  

  
    

                   
 

 
                                           (IV.14) 

The correction term for the exact potential      is also given by: 
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                                             (IV.15) 

From (IV.14) and (IV.15), we can see clearly that the correction terms that 

compensate for not having a zero      depend on       for all  . From the 

resulting figures above, this dependence can be seen clearly even for 

       . It explains why the deviations of       from      are small at    , 

and are largest at    . 

VIII. Number of iterations: 

  In the limit        , the correction terms can also be written as: 

      
 

 
   

  

  
    

        
  

  
    

    
   

 
   

 
                                    (IV.16) 

           
 

 
   

  

  
    

    
      

 
                                       (IV.17) 

Where    is defined as: 

   
 

              
 

 
                                                        (IV.18) 

Equations (IV.16) and (IV.17) allow one to estimate the number of 

iterations which is necessary to achieve a given accuracy of the 

reconstructed potential. 

Even though, they are obtained for        , one can estimate that 

they give correct order of magnitude estimates even for the case 

       . 

The critical value of      above which the iteration procedure diverges 

is: 

    
  

  
 
   

                                                                     (IV.19) 

So, (IV.17) can be rewritten as: 

           
 

 
   

    

  
 

      
 

   

 
                                         (IV.20) 

If we want the relative error in the reconstructed potential to be 

below  : 
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                                                                       (IV.21) 

Then we can find the number of iterations by: 

  
        

             
                                                                 (IV.22) 

For         ,           , 

                                ,         ,             

the number of iterations is    . 

        Which is in concordance with our application on Supernova neutrinos. 

 

IX. The non linear regime: 

The previous study was based on the formula (IV.1) of      which 

was derived after performing the perturbation theory in  . This theory 

requires the smallness of   . i.e. short neutrino paths inside the 

Earth. 

The more accurate formula (III.36), however, which was derived by 

the perturbation theory in 
 

  
, does not pose any condition on the 

length travelled, so, it can be used to go farther inside the Earth‟s 

interior to reconstruct the Earth‟s density over “realistic” distances. 

In other words, one has to employ the inversion procedure based on 

the expression: 

                       
 

 
     

 

 
                                            (IV.23) 

 

                                     

Since (IV.23) was obtained after performing the perturbation theory 

in 
 

  
 does not require the smallness of   , these two conditions imply 

      1, so, the matter density profile cannot be found by invoking 
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the previous iteration procedure. The problem thus is very difficult to 

solve. 

The equation (IV.23) is a non-linear Fredhom integral equation of the 

first kind, and equations of this type are very difficult to solve, they 

need a dedicated study [33], since they belong to the class of “ill-

posed” problems: their solutions are very unstable, and to arrive at a 

reliable result, one has to invoke special regularization procedures 

[34]. For non linear integral equations of the first kind, no universal 

regularization techniques exist. 

However, to go deeper into the Earth‟s interior, there is another 

technique, which does not rely on the mass eigenstate supernova 

(solar) neutrino property, it is applicable for all low energy neutrinos 

(since it is an oscillation neutrino approach). 

It had been tackled in several papers [12], [13] and [30]. It makes 

use of the direct problem rather than trying to solve the inverse 

problem. It consists of generating random density distributions, 

divide it into several layers and comparing the obtained     

(theoretically obtained survival probability of the neutrino in the 

interval [a,b]) with simulated data for the “true” profile: 

 

Fig.8.a. PREM density Profile (step I) 
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Fig.8.b. PREM density Profile (step II) 

Which is a time consuming procedure with limited accuracy. 



 

 

 

 

 

 

Conclusion 
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Conclusion 

 

Neutrino oscillation in matter can give complementary information to 

seismic geophysics: in a way that it gives better information about the 

density of the matter travelled in addition to the exact values of the 

positions of the jumps in these densities, the one that it is already achieved 

from the interpretation of seismic wave propagation data. 

This study has been an attempt to resolve the inverse problem of neutrino 

oscillation, relying on an analytic formula based on a very important feature 

that distinguishes Supernova (and solar) neutrinos from the other 

neutrinos. It has revealed, after invoking an iteration procedure that 

allowed us to compensate for the lack of knowledge of the neutrino 

energies, that for short distances (          , the “true” Earth‟s density 

profile is reconstructed from solar neutrino data for the fourth iteration, 

while it can be reconstructed from Supernova neutrino data for only one 

iteration. 

Once we get these results, we can go further in this study: we can use the 

found results (the value of the density) to find the electron density number 

(II.1) to extract eventually the electron fraction which differs from one 

element to another, and thus obtain furthermore information about the 

Earth‟s composition. 

Even though this study is performed on distances way smaller than the 

Earth‟s distances  we  want to reach and explore, still, it allows us to go 

deeper than the depth other techniques could reach (digging). It can though 

be used to reveal information about other “objects” that have big diameters 

and explore their deeper structures, but for the Earth and other objects that 

have distances comparable to the Earth‟s, the resolution of the non linear 

regime will be of a bigger benefit.
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